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We solve Dirac’s equation for an electron in the field of a two-frequency plane electromagnetic wave,
deriving general formulas for the probabilities of radiation of an electromagnetic wave by the electron, and for
the probabilities for pair production by a photon when the two-frequency wave is circularly polarized. In
contrast to the case of a monochromatic-plane electromagnetic wave, when an electron is in the field of a
two-frequency circularly polarized wave, the emission rates of various “biharmonic photons” are affected by
interference between the two waves. When a high-energy photon is in such a field, similar interference effects
arise in the process of pair productig®1063-651X98)04802-9

PACS numbdps): 41.60—m, 12.20-—m, 32.80.Wr, 23.20.Ra

[. INTRODUCTION Dirac’s equation was found.1]. However, an exact solution
of this equation for more than one plane wave propagating in
There have been many investigations of multiphoton proarbitrarily different directions has not been obtained, and it
cesses in strong electromagnetic fields since the inventiofems difficult to do so because generakykg) #0 (k, and
of the laser in the early 1960s. Reiss formulated the<z @ré four-vector momenta of two plane wayss that the
* (multi)photon” absorption processes that generate eIectroFl)IraC equation cannot be solved by a simple integral. To

pairs when a photon collides with an intense wave fjald remove this complication but, at the same time, not lose
o . : ; enerality in physics, we consider a two-frequency plane
Nikishov and Ritus derived formulas both for théntulti- g Y phy q y P

: X wave; that is, two different plane waves propagating in the
)photon” absorption of an electron in a plane electromagsame direction. With this approach, we can find an exact
netic field, and the {multi)photon” absorption processes of splution of Dirac’s equation for an electron in these waves.
pair productior 2]. Narozhnyet al.. extended these formulas In this paper, we describe our study of a two-frequency
to the case of a circularly polarized electromagnetic waveplane electromagnetic wave with four-vector momeikia,
[3]; such effects were observed recerfdyf. The reason we andk,, which interact with a single free electron. This ap-
enclose ‘(multi)photon” in quotation marks is discussed in proach led us to a new prediction of(ulti)photon” ab-
Sec. lll. Other theoretical studies made by the classical apsorption and emission processes, and of “biharmonic-
proach[5,6] and by the semiclassical scattering theory asphoton” generation. As shown in the formulas given later in
reviewed by Ehlotzky[7], or by quantum electrodynamics this paper, there are interference terms in the scattering rate.
(QED) [8], all of which describe the (multi)photon” pro- A substitution rule relating electron-wave collisions to the
cesses of harmonic-photon generation, have contribute@0ss-channel process of electron-positron pair production in
enormously to advances in our understanding. The predictel#e collision of an external photon with a two-frequency
second harmonic-photon emission phenomenon was offlane wave includes the effects ofrhulti)photon” absorp-

served by Englert and Rinehdi®]. Besides these simple tion or emission processes in pair production when a photon
harmonics of a monochromatic wave, it is possible to genercllides with a two-frequency plane electromagnetic wave.

ate various “biharmonics” by using a two-frequency intenseThe scattering probabilities of both “biharmonic” genera-

laser beam. We note that Puntajer and Leubner considerdif" @nd pair production depend on the relative directions of
the specific case of this problem by classical electrodynamicg)t?t'on. r(])%t_he_two cwcula;lyhpolarlhzer(]j waves. Relativistic
[10] (constraining the frequency of the two waves, un[:_iwlt =c=1 are .US% t r?u”g t.el pz;per. " |
=2w1; the wave and electron beam are counterpropagating . ,'S Paper 1S organized as follows. In <ec. 1i, we Solve
In the present paper, we consider a more general case with jrac’s equation _for an electron ina f'8|.d ofa two-frequer!cy
the QED theory, with an arbitrary frequency for the two aser beam that is circularly polarized; in Sec. lll, we derive

waves and an arbitrary angle between the wave and electr&{Ob?b'“t'es of l_3|harmon|p-photon emission for an elec-
beam. tron in such a field. Section IV describes our use of the

The theoretical research with QED or(rtiulti)photon” substitution rule tp Qerivg the probabilities of pair production
absorption processes in an intense laser beam is based a photon colliding with a twp-frequency_ plane electrq-
Dirac’s equation. The success of the QED theory in descripMagnetic wave. In Sec. V, we discuss the findings and give
ing such processes demonstrates that the semiclassical tre@t! conclusions from the derived formulas.
ment of the laser beam as an external unquantized electro- Il. THE WAVE FUNCTION
magnetic field is a good approximation. Using the '
semiclassical treatment of electromagnetic fields for an elec- Since the number of photons in the laser beam is very
tron in a plane electromagnetic wave, an exact solution ofarge, we can treat the field as an external, unquantized elec-
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tromagnetic field. Suppose the two-frequency electromag- e(a;p) e(a,p)
netic wave is circularly polarized, then the field of waves can Ry= (pky) sing, — (pky) COSpy,
be described by the four-potential: ! .
e(agp) . e(azp)
A=A +A,, R,= (pkz) Sing,— (pkz) COSp,, (2.6
2 2. _ K2 _
Ay =2,C08p,+a,8iNdy,  by=(KyX), (2.1) Rye — e [bisin(¢;— ¢y) —bscoq ¢y ¢2)],
2(pky) 1-9
A= 2g008po T 2uSiNgz, - P2 (kaX), € [b3sin(gs+ ¢z)—bicos du+ )]
R4: -
2(pky) 1+9

wherek,,, andk,, represent the four-vector propagatidor
convenience, we supposg>k,), while a;,, i=1-4, are andbj is defined as
the amplitudes of the potential. The gauge is chosen such
that (k;A;) = (k,A,) =0. We supposé; is parallel tok,, so

¢,/ = n=consk 1 andk,= 5k4, the orthogonality condi- 2 5
tions are &;a,) = (asa4) = (kia))=0,i=1,2,j =14, while bs*=(a:23) ~(a284), bs"=(a184) +(a283), (2.7)

tlihoerlrtéznt%\tlz?frzatlljsgﬁé_algsé_eﬁa4c1t?on:1aq(lr|:gtic (\)/valvje i%’é'conyvhereU(p) is a bispinor,p,, is a constant four-vector deter-
d yP 9 ' ining the statep?=m?; q is a kind of average four-vector

venient to .|ntroduce a dlmgn5|onless measure of f'eki:omentum of electron, usually called “quasimomentum” of
strength as is usually dorjig—4: the electron:

bi%=(aa3) +(az84), by*=(aa3)—(a;ay),

2.2 2.2
e«’—(A A’“) B aie ase
b= @2 WP 20k 2l 2 P

_ _ s0g?=m?(1+¢£%)=m2 , m, is the “effective” mass of the
wherey—(A,A¥) is the root mean square of the field; then, particle in the field. The factor 124, in Eq. (2.5 is chosen

using Eq.(2.1) we have as the normalization condition that
evV—a,2—as? f d3x=(2m)38(q" — Q). 2.9
E= +3: /517_{_ 527, (2.3 Y™ P (2m)°8(q"—q) (2.9

From the wave function, we deduce that the electron in
the electromagnetic field is no longer free; in fact, we can

h d the field st ths of the tw , . . .
where ¢, and & are the field strengths of the two waves expand the wave functiott, in Eq. (2.5) as(for details see

respectively. Recently, nonlinear effects were obsefdédt

the laser intensities achievet 108 W/cn?, £~0.6). the Appendix
For an electron in a given electromagnetic field, the ()
second-order form of Dirac’s equation for the spinor wave , _ u(p TS Ky Sokot Sa( ke — k
+54(ky+ ko) +q]x} (2.10

{—?—2ieAd+e’A?—m?—ie

, , where D is a four-dimensional matrix. All the other
X[(yk) (YAD + (vKo) (YA 1} =0, (2.9 $1%253%

general relations investigated in Sec. 2 of Ré&i. are valid

in our case.
where A’ is derivative of A. We first suppose,
=e '(PIF,(¢1)F,(¢h,) and put this into Eq(2.4) following Ill. THE PROBABILITIES OF PHOTON EMISSION
a procedure similar to that described in section 40 of Ref. BY AN ELECTRON
[12], we find that the exact solution of Dirac’s equation has
the form The S-matrix for emission of an external photon with mo-

mentum k’ and polarizatione’ by an electron[see Eq.
(73.19 in Ref.[12]] is equal to
e(vky)(yA1) | e(yka)(yAz) | u(p)

=1+ + ik’x
by 2(pky) 2(pky) V240 Sii=— ief Z/p/(,yer*)wpm—ek(ﬁ)(, (3.1
xexp—i[R;+Ry+Rs+Rs+ (W]}, (2.5 V2o

where e’* is a conjugate ofe’, ' is the energy of the
where emitted external photon, ang, and xpr’, are the initial and
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final states of the electron, res_pectively. We use (Ecﬁ_), =wy0'(1—cos), and 4 is the scattering angle betwedn
End fé)lllowmg the formuld101.7 in Ref.[12], then, simplify o4&/ " Wyith these expressions and the kinematic equation
9.3 as (3.3, we can assess emitted photon frequency:
1
Sﬁ:f 2 M ¢;(515253%4) (2 77) 4 54 + 51Ky ,_Slw1+szw2+s3(w1—w2)+s4(w1+ ®5)
V200200’ 20" s1.52.53.54 @ = 1+ (vw,/m,)(1—cos) , 34

+S,Kp+S3(ky —Kp) +54(ky+ k) —q' —K'], (3.2
) ~ wherew; and w, are the frequencies of two incident elec-

wheres,, s,, S5, ands, are integers. For an electron in yomagnetic waves in this frame, and
monochromatic intense plane electromagnetic wave, Ni-
kishov and Ritus explained Eq@ll) in Ref. [2] as the ab-
sorption or emission of integer number of photons, if we
follow their argument we may extend the annotation to our o )
case, in which we deduce that thoseare the number of When the energy of the incident electron is loy~1) and
photons absorbed from the wave or emitted to the wave bjrequency of the wave also is lowog~1 eV in the labora-
the electron; however, because we use the classical treatmdRtY frame, then Doppler effects are negligible, so we have
of initial electromagnetic wave, using the word photon may®1/m<1, and Eq.(3.4) can be simplified as
not be clear, so the above argument may be modifted
rected as follows:s,, s,, S3, ands, are the integer multiples o' =njw;+Nw,, (3.6
of momentaky, k,, k;—k,, andk; + ks, respectively, which
are absorbed or emitted by the electron. This signifies thayneren, =s,+s;+s, andn,=s,—s;+5,; this is the non-
the electron can only absorb or emit discrete momenta frome|ativistic limit of the biharmonic-photon. For an incident
the electromagnetic wave. For this reason, and sometimes f@fectron with high energy¥>1), w, is Doppler shifted and
convenience, we still use “pho'ton” or “multiphoton” but in w,/m, may be not small, but even if this term is negligible
quotes, mstead of usmg_the discrete momentum of the elgqhe final-state photok’ is Doppler shifted from its bihar-
tromagnetic wave. In this sense, we conclude that “multi-monic value; so, in this relativistic limit, the emitted photon
photon” processes may occur; we discuss this in more detajk g |onger(bi)harmonic. This is the reason why we enclose
later. From the representation of teunction in Eq.(3.2,  the terms ‘(bijharmonics” or “(bijharmonic-photon” in
we obtain the following kinematic equation: quotation marks.

If we sum the polarizations of the inital and final elec-
3.3 trons, and of the emitted external photons for the square of

the matrix elemenM $f13253s4) in Eq. (3.2), and use the ex-

In the frame in which the electron is at rest, on averagie, ( pansion formula from Eg(101.7 in Ref.[12], then, after a
=0, gg=m,), (gky))=m,wi, (QkK)=m,w’, (kk') very complicated derivation we find

q+slk1+ 52k2+ S3(k1_k2)+54(k1+ kz):q, +k,

2+

(kgk')? 1

M (1525501 2= 4.7e2m2d X(25) 35 A(24)ds, H(21)Is (25) | —A+| 24 ————
> My | 5,2(23)35,%(24) 35 A(21)35.2(2,) ('K

i
polar

| JAm msst (Lt My (PR(P'ky) ,236,2(22) =35, 11%(21) =I5, 1 %(20)

; 1
m? (kik") 'Jslz(zl)

223522(22) —J5,11°(22) = 35, 1%(22) @ Js+1(20)ds,11(22) + Is - 1(21) s, 1(22)

2 Js,2(2) m? J5,(21)35,(22)
(02 b2 e? Jsl+1(21)~]sz—1(22)+‘]Sl—1(zl)‘]52+1(22)(bz sb + b2sind)
1C0Sp1,+ b3sing,) m2 351(21)352(22) ° ‘

(3.7)

whereJy(z) is the Bessel function of ordey; and

2%)] ay
b12= P10~ P20, D= 1ot P20, tam&loza—l, tangszoza_s,
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Ja2+ ol 21 32 2, 32
PO parape P S R 23:\/'81 ,321 24:\/:33 347

7 1-9 1+9

e2

(ap) (ap’)
- ’ BiZE

(PK1)  (p’ky)

a;

B ]bz i=1-4 (3.9
(Pk)  (p'ky] T '

The probability of “biharmonic-photon” generation by an electron per unit time is

d3k/d3/
Wit %2:%3:%} f Mz S C 0 (045 q kg + okt Sa(ky — ko) Sa(ky + ko)~ @' K] (3.9)
(2m)°205200 20

Then, the total scattering rate is

W= z wis1:52.53.54} (3.10

$152S3S54

Suppose the energy emission rate of the “biharmonic-photori*Sis®2:%:34} then it can be simply obtained by multiplying
o' by the integrand of Eq(3.9),

3’3~
43k’ d3q
,(277)464[q+Slkl+52k2+53(kl_k2)+S4(kl+ kz)_q,_k,]. (311)

|{51’32133'S4}:f |M; (5152%8%) 20— ———
(27)°800do

The expression in Eq3.7) can be simplified by using the polarization property of the electromagnetic wave. Since the
two-frequency plane electromagnetic wave is circularly polarized, these two waves have either like or opposite helicities.
Thus, there are two cases; first, that of two circularly polarized electromagnetic waves, which have the same direction of
rotation, that is, they are both left-circular-polarized or right-circular-polarized; the other case is where these two waves have
opposite directions of rotation. In both cases, the field of waves can be expressed as

A: A1+ Az y
A1=a1005¢1+ azsind)l, ¢1=(klx), (312

A,={[a;coq ¢+ @) Tassin(g,+@)],  dr=(kyX),

where ¢ is a phase difference between these two plane waves; the pltisimthe above equation corresponds to like
helicities, and the minus corresponds to opposite helicities. The factefines the ratio of field strength between the two laser
beams, so if the field strength of the wakgis £, then the field strength of the other wavetis= {£,, and the total strength
of field is &€= &,\/(1+ £?) from Eq.(2.3). For two circularly polarized waves with like helicities, H8.7) givesbs=b,=0 for

any phasep; from Egs.(2.5 and(2.6) we can see the component lof+k, in the wave function has disappeared, so the
kinematic equation is reduced to

g+ s1ky+ sk +s3(kg—ky)=q’ +k’. (3.13

For opposite helicitieshb,;=b,=0 and so there is n&;—k, component remaining in the wave function and kinematic
equation is

q+Slkl+52k2+S4(kl+k2):q,+k,. (314)
We put these two conditions together, then:
q+Slk1+Szk2+S|(k11k2):ql+kl, (315)

wheres,;=s; for like helicities ands,=s, for opposite helicities, and the upper signinor * always corresponds to like
helicities, while the lower sign corresponds to opposite helicities. We use these definitions through the paper. If we take the
invariantu= (k.k")/(k.p"'), then from Eq.(3.9), the probabilities for above two cases reduce to

u2
2t 7w

‘]s|+1(zl)+~]s|—1(zl)
Js(21)

—2(1+%)+2¢

P ezmzf“" 322003, 22903,z — 4+ £
W 151528 = z Z 2P
+ 4qo 0 (1+u)2 S1 1/¥s, 2/ | 1

Js,+1(z1)  Js,+1(22) 2 Js,-1(z1)  Js,71(22) 2
Iz i) 1oz )

], (3.1
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where
2v(k1p) _
v > y U=51+7752+(1+7])S|,
m'k
u u z 2v 2y
P S ( -, zzzﬁ, 7= — £6 —, (3.17)
V1+ &2 u, n 1=71+¢24,

andz,, z,, andz, are calculated using the formulas in Sec. 101. of REf]. The results for both cases are independent of the
phasey in Eg. (3.12); an interesting point is that the two waves can interact simultaneously with an electron, no matter what
the phase difference is between them.

Formula(3.16 should include the case of a monochromatic wave; this can easily be checked by getth@qto this
equation(3.16. We obtain exactly the same formula as that in R8J. If we expand formula$3.16) in powers of¢; and ¢
when¢; <1 andé,<1, we can obtain the limit of a weak electromagnetic field. As expected, the term ofégfdera simple
sum of the Klein-Nishina formulésee section 86 in Ref12]) of the individual waves. The higher term of orc&*‘l‘rinvolves
many parts; here, we give the formula of the interference part, thetss), s,=0 ands;=1 (for like helicitiess;=s;=1 and

=0, for opposite helicities;=s,=1 ands;=0) part in Eq.(3.16):

2

W _em? L, (E_i 1—In(1+ + - ! (318
inter— do fl { 2 u12[ n( UlZ)] 4(1+U12) 4(1+U12)2 .
where
2[(k.p)—(k
g 2L )] (319

m,

Generally, thet* term is a nonlinear contribution, so inteference effects are nonlinear effects.

IV. THE PROBABILITIES OF PAIR PRODUCTION BY A PHOTON

If we substitutep— —p, k' — —k, andd®k’ —d3q in Egs.(3.9) and(3.16), and reverse the common sign of the expression,
we can obtain the probability per unit time of pair production by a photon of momektuin a two-frequency plane
electromagnetic wave:

=g 2 (02 (202 20| 2+ 2u- )| —2(1+ 7 o A e M
W 1510528 = z z z + u— +09)+
- 4k«/o 1 uu(u—1) Js, (2 ? | E)ree Js(21)
Js,+1(21) 352:1(22) Js,-1(z1)  Js,71(22) 2 @1
+ + + + .
ENEA RN SN RN
|
and In the center-of-mass systefim which k,+vk;=q+q’
=0), the energy of electron and positron can be easily ob-
(kik,)? v(kik,) 2m; tained:
= T U: 2 ] U>USZ— .
4(k1a)(k1q") 2m; (kak,)
4.2
v
Z1, Z», 7;, andv have the same expression as in E2)17). Go=0"0= /5 (kK- 4.4
In this case, the kinematic equation is
Ky+s1Ki+ 8K+ (ki +ko)=q+0’, 4.3 For the case of<1, it corresponds to the weak field limit

and we can expand the formuld.1) in powers of¢, and{
whereq andq’ are the “quasimomentum” of the electron When ;<1 andé,<1. The term of ordeg] is the simple
and positron, respectively. Tlsghas the same meaning as in sum of the Breit-Wheeler formulel3] of individual waves,
Eq. (3.15 and is connected with interference effects. Whenas expected; the term gives a nonlinear contribution; here,
we put{=0 into the above formula, it reduces to the case ofwe present only the interference effect in this term, which is
a monochromatic wave. the case 06,=0,s,=0,5=1
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e2m? £,472 ks=k;+k,, thens;>0 (or 5,<0) cc_>rrespo_nd§ to the oc-
inter= 2~ 2 {2(1+2u4p)Vui(U—1) curences of processes of absorpti@r emission of |s|
70 Ugo times the momenturk; from waves by the electron, that is,
. only the discrete four-vector momentum of the electromag-
{205~ 1+ 2Vus (U= D1 (4.5 netic wave can be absorbed or emitted by the electron. In this
where it needs sense, we may say that the electron abs@bgmitg “pho-
ton(s).” When s;<0, the “photon” (s;= — 1) or “multipho-
(kik,) T (Kok,) ton” (s;<—1) is emitted by the electron into the wave at
= >1. (4.6) exactly the wave frequency. The emission effects here are a
novel kind of stimulated emission in which “phot@)” are
emitted by an electron into one laser beam due to the pres-
nce of another of different frequency. This contrasts with
the more usual configuration involving a single laser fre-
quency [15]. The two-frequency electromagnetic wave is
: . treated in a classical way, in this analysis it does not contain
smallv). On the other hand, for any given set of integgrs photons. After solving the Dirac equation, we find an elec-

there is a threshold of pair production, but if the integgrs tron in a plane electromagnetic wave can absorb or emit onl
are allowed to be arbitrarily large, the threshold can be arbi- P 9 y

trarily low. This is nonlinear effect and it is always negli- ?ﬁ:ﬁtﬁ) g;motrﬁgniigézgnejgstgz etlrl;esot;,:(grrsr?]li]sesri]g;ovaave’
gible for the case of weak wayé4]. Y, P

: . . n electromagnetic wave by the electron conform to a quan-
Another interesting phenomenon of the interference effecEJm mode, and that the wave absorbed or emitted with dis-

is that in the case of opposite helicities it is easier to assig X .
an interference contribution to pair production than in thecrete 4-mpmentum is a wave quaniginthat is, a photoﬁs)._ .
In the interference processes, the absorption or emission

case of like helicities. For example, an incident photon withof the wave with momentunk. = k. is iust like k. or Ko:
energyw,~100 GeV propagates in an opposite direction O ot that th L : 2 ¢ J bsorb . Z’t

an intense two-frequency laser beam with one frequenc{'ere ore, we can say that the electron absorbs or dejits
w1~2 eV andn~0.5, with dimensionless field strengéh T°"=53’.Sf‘.=0’ it like heI|(‘:‘|t|es, an(’j’s|=s4, $3=0, if oppo-
~0.5, which corresponds to the strength of the magneti |;e herI]|C|t|ef_$ nuhmber of “photons of_rﬁomentunklillzz.
field in the center-of-mass systeBn, ..~ £Bo, WhereB is the f ou% at3 ':;St.t ere arehno vs_/aves(\j/yfl]f mom%nﬂum 2r
critical strength of the magnetic fiel@,=m2c3/ef; in this ' o" g.(3.3 it seems there is no difference between mo-
casep ~1.9, ifs;=1,5,=0,5=1, then for the case of like mentumk; =k, and individual momenturk, k,. If we sup-

helicities v=s,+S,7+5(1— n)=1.5<v, and it has no pose the “photons” of momentunk,;+k, are really like

contribution to pair production; however, for opposite helici- !nd|V|duaI photons, then this interpretation leads to interest-

: — - . ing phenomena, such that whep<0 there should bés,|
ties v=s;+s,7+5/(1+ n)=2.5>v, and its probabilities " o . . ;
can be evaluated from E¢4.1), which involves interference nu:nfl;)erloft tphotr? nts kkl’+ k re]_mrl]tted(the?eD pholtonsh_f?r((ej
effect. This phenomenon that the lower rate for pair produc-lr;0 tlr?a_s aefp 0 pr: ), whic alre not Lopper s tltr? t
tion near threshold for like helicities may be explained by or the case of an intense wavw~{1), we may expect tha

angular momentum barrier effect, because the photons ha\%EOtS(.a emrlltted v:avefs with momletL:mIkz ar(:‘_ observz;ble,l_k
like helicities their total spin is larger. atis, when a two-irequency electromagnetic wave has fike

helicities, we may find a third color with frequenay,
—w, in the wave; when the helicities are opposite a third
color with frequencyw; + w, is expected. On the other hand,
In Secs. lll and 1V, we formulated the probabilities of from Eq.(3.18), the contribution from the,; =k, part is of
“biharmonic-photon” generation and of pair production. the order of¢* or higher, in this sense, the momentkn
The total probabilities of scattering are the simple sums ofrk, may have no special meaning, it just corresponds to
Eqgs.(3.16 or (4.1, interference corrections, so the phenomena just mentioned
above may be impossible. We cannot be sure which interpre-
W. = 2 w. (5182081} (5.1) tati(_)n is correct, the fuII-quantum_ treatment of an electron in
S, 5.5 an intense plane wave may clarify matters. The above argu-
ments are also true for the case of pair production.
For the case of an electron in the two-frequency plane elec- For both “biharmonic” generation and pair production,
tromagnetic wave, each term in this equation corresponds toe classify physical events by modle, ,s,,s}, not by final
the probability of the emission of a photon with frequency state. Sometimes, the different mode corresponds to the same
o' in the rest frame that is defined in E§.15. For the case final state, but they are different. For example, in the case
of the pair production, each term in this equation correthatk,;=2k,, the mode withs;=2, s,=1, s3=0, ands,=
sponds to the the probability of generating the particles of-1 (opposite helicities and the mode witls; =1, s,=5;
the pair with the energy given in E¢4.4) in the center-of- =s,=0 have the same=1, which corresponds to the same
mass system. Therefore, the different combinations otnergy of final-state photo@’ in Eq. (3.4), or similarly, for
{s1,S5,5/} correspond to different modes, and every modefinal-state particles of paipy andp’q in Eq. (4.4), but they
has its relevant probability. have, at least, one difference: they correspond to different
In Sec. lll, we gave the meaning sf, i=1-4; here, we probabilities that can be calculated with E€3.16 or (4.1).
discuss it further. For convenience, we assikge k; — Ko, The effects discussed above are based on results derived

Ui
2m, 2

From condition(4.2) we deduce that a higher-energy pho-
ton will more easily produce electron pairs because as th
photon’s energy increases becomes smaller; then, lower-
order pair production processes ocduprresponding to a

V. DISCUSSION AND CONCLUSIONS
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from Dirac’s equation where the field of a laser beam iswhere coefficient®; andBs, are 4< 4 matrixes; they can
described in an unquantized classical way. When a twope calculated by

frequency laser beam is scattered by electrons, there are vari-

ous “biharmonic-photons” emission processes that follow

“photon” or “multiphoton” absorption and stimulated .

“(multi)photon” emission processes; the scattering prob- Bs,= 5~ . difi(pr)exd —i(Ry—s11)],
abilities are affected by the effects of interference between
two laser beams. Similar effects are involved in pair produc-
tion by the interaction of an external photon with a two-

1 (2=
frequency laser beam. Bs,= 5| déafa(d)exi—i(Ry—s:0)], (A3)
0
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APPENDIX

We can express wave functi@@.5) as

CS.:if”d(ﬁiexq—i(Ri—si@)J, (A4)
i 2m)o
Yp=[1+F1(d1) +T2(2)]

X exp{—i[R;+Rp+ Ry + R, +(gx)]} u(p) where ¢3= 1 — ¢, and ¢, = ¢1 + ¢», then, the wave func-
V2 qo tion becomes
(A1)
where  fi(¢1)=e(7k)(yA)/2(pks) and  fo(¢)) =S b 2P st
=e(yk,)(vA,)/2(pk,), they are & 4 matrix, then we use U 31322;354 $152°3% \/2 A-ils1¢1t 5242
the expansion
+S3(p1— h2) +Sa( D1+ o) +(AX) 1}, (A5)
fa(pr)exp(—iRy) =2 Bsexp(—isiéy), _ _
S1 where ¢;=(k;x) and ¢,=(k,x), and matnxD51525354 is
f exp—iR,)= B, exp(—is , A2 _
2( ¢2) F( 2) 522 Sy li 2¢2) ( ) Dslszs3s4_c Cs4(cslcsz+ CslBsz+ Cszle)- (A6)
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